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ABSTRACT: We construct the Killing spinors for a class of supersymmetric solutions of
type IIB supergravity that are invariant under the non-relativistic Schrodinger algebra.
The solutions depend on a five-dimensional Sasaki-Einstein space and it has been shown
that they admit two Killing spinors. Here we will show that, for generic Sasaki-Einstein
space, there are special subclasses of solutions which admit six Killing spinors and we
determine the corresponding superisometry algebra. We also show that for the special case
that the Sasaki-Einstein space is the round five-sphere, the number of Killing spinors can
be increased to twelve.
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1 Introduction
Consider the class of type IIB supergravity solutions of [1] given by

ds? = @72 |2datde™ + h (de™)? + dad + da| + B2 ds? (CYs)
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(1.1)

where F' is the self-dual five-form, G is the complex three-form and the dilaton and axion

vanish. Here ® and h are scalars and W is a complex two-form defined on the Calabi-Yau



three-fold C'Ys that satisfy

Viy® =0
Vevh+Wigy =0
dW =d *Cy W =0 (1.2)

where [W |2y = 1W,,, W*™ with indices raised with respect to the C'Y3 metric.
Our focus will be on cases where the CY3 is a cone over a five dimensional Sasaki-
Finstein space S E5 and the harmonic function ® has a source at the apex of the cone:

ds® (CY3) = dr? + 1 ds® (SE5)
d=rt. (1.3)

When W = h = 0 this gives the well known AdSs; x SFEj5 class of solutions describing
D3-branes sitting at the apex of the cone. We will be most interested in the case where
the deformation W is given by

W = d(r’o) (1.4)

where o is a complex one-form dual to a Killing vector on S Es5, and h is obtained by solving
the second equation in (1.2). This particular class of solutions, for the special case of W
being real, was also independently discovered in [2] using a solution generating technique.

An interesting feature of this class of solutions is that they are invariant under the
Schrodinger algebra [1, 2]. The current interest in these solutions is that they might
provide a good holographic description of non-relativistic systems that are invariant under
such symmetry [3, 4]. The principal aim of this paper is to carry out a careful study of
the supersymmetry preserved by these solutions, building on the observations of [1, 2].
In particular, we will see that for special subclasses of solutions fixed by (h, o), there is
the possibility of extra “supernumerary” Killing spinors. In many ways, the analysis is
reminiscent of the supersymmetry enhancement that occurs for plane wave solutions [5, 6].
Note that in addition to the papers [1, 2| supersymmetric solutions of type IIB or D =
11 supergravity with Schrodinger or Schrédinger(z) symmetry, where z is the dynamical
exponent, have also been discussed in [15]-[18].

For a general C'Y3 (i.e not necessarily a cone) and with W = h = 0 the solutions (1.1),
(1.2) describe D3-branes transverse to the C'Ys and preserve, generically, four “Poincaré”
supersymmetries satisfying

ypze=¢, VYVe=0 (1.5)

where we have defined the D3-brane projection

yps =il (1.6)

V&Y is the Levi-Civita connection on R x CY3.

Here we are using a light cone frame and
As shown in [1] when the two-form W on CY3 is primitive and with no (0,2) component

(i.e. just (1,1) and/or (2,0) components) then two of these Killing spinors, satisfying the



additional projection I'fe = 0, are preserved, and furthermore the functional form of the
Killing spinors are the same as those for the W = h = 0 solutions.

When the CY3 is a cone, as in (1.3), and W = 0 the solutions are AdS5 x SEj5 solu-
tions and, generically, in addition to the four Poincaré supersymmetries there are an extra
four “superconformal” supersymmetries. Recall that if one takes the Lie derivative of the
Poincaré Killing spinors with respect to the special conformal Killing vectors, one obtains
the special conformal Killing spinors. Here we will study the possibility of an analogous
enhancement of supersymmetry when W # 0. We will focus on the case when W is of
the form given in (1.4) when we know the solutions are invariant under the Schrédinger
algebra. In particular, these solutions posses a Killing vector corresponding to special con-
formal transformations and naively one might think that after taking the Lie-derivative of
the two Poincaré supersymmetries satisfying I'"e = 0 mentioned above, one would obtain
new superconformal supersymmetries. We will show that this is in fact not the case and
that the Lie derivative vanishes. However, we shall see that for special choices of (h,o)
there can be two additional Poincaré supersymmetries, with I'"e # 0 and whose functional
form depends on W, and that the Lie derivative of these give rise to two additional super-
conformal supersymmetries. Generically, then, one has six supersymmetries’ which can be
viewed as deformations of four Poincaré and two special conformal supersymmetries. We
will also show that for the special case when the SEj5 is a round S° the supersymmetry
can be enhanced to eight Poincaré and four special conformal supersymmetries.

Having constructed the explicit Killing spinors we can use them to study the superi-
sometry algebra using the technique of [7, 8]. In particular, the Grassmann odd-odd part of
this algebra is obtained by constructing Killing vectors as bi-linears in the Killing spinors.
The odd-even part of the algebra is obtained by taking the Lie derivative of the Killing
spinors with respect to the Killing vectors. The resulting super-Schrédinger algebras that
we obtain are consistent with those? found in [9]. The two Poincaré supersymmetries found
in [1] are “kinematical” supersymmetries, with anti-commutator giving the central number
operator of the Schrodinger algebra. The two new Poincaré Killing spinors that we find
here are “dynamical” supersymmetries, with anti-commutator giving the non-relativisitic
Hamiltonian H and they lead to a positive spectrum for H.

We will also briefly consider the more general class of solutions (1.1), (1.2), (1.3) when
W is of the form W = d(r?c) for z > 2. This class of solutions has Schrédinger(z)
symmetry, where z is the dynamical exponent. We shall find while there cannot be any
superconformal supersymmetries, for special subclasses of solutions it is possible to have
dynamical supersymmetries in addition to the kinematical supersymmetries found in [1].

The plan of the rest of the paper is as follows. In section 2 we analyse in detail the
conditions for supersymmetry. We have summarised some of the calculations in section 2.4
where we also present some explicit examples. Section 3 studies the superisometry algebra
and section 4 briefly concludes. Appendix A contains some useful results about C'Y3 cones,

'Note that solutions of D = 11 supergravity with Schrédinger symmetry and six Killing spinors were
also found in [18].

2For other work on super-Schrdinger algebras see [10]-[14].



appendix B a technical derivation arising in section 2, and appendix C a brief discussion
of the z > 2 solutions.

2 Construction of Killing spinors

We will now carry out our analysis of the Killing spinor equations for the class of solutions
given above in (1.1) and (1.3). We will focus on the case when W = d(r?o) with z = 2,
reserving some comments about the case when z > 2 to the appendix. Our main results
are summarised in section 2.4.

The conditions for these solutions to admit IIB Killing spinors ¢ are given by

j 1
Dyje + f—GFng + 15 (T +2¢Tar)e" = 0 (2.1)
Ge =0 (2.2)
where e.g. ' = %FPL“%FPLNPS. We will use the orthonormal frame given by e™ =

O~ V4dzt, em = & /4 (dx + %hdx+), e? = & V4da? e = & V/4da?, e = ®V/4 e where
f@ is an orthonormal frame for the CY3 metric: fof¢ = ds?(CY3). The gamma-matrices
with D = 10 tangent space indices, I'4 = {I't, T—, T2, I'3, T'%}, satisfy {I'4, T8} = 248
(with e.g. nx = +1) and indices can be raised and lowered using the tangent space metric
7. We are using the conventions of type IIB supergravity given in [19] and in particular
I'11e = —e where I'11 = 'y _23456789. We find it convenient to work in basis in which the
gamma-matrices are real and in particular ¢ = *.

It will be helpful to introduce some further notation. We let ' be coordinates on the
CYs, and we will write 2™ = (r,z#) where z# are coordinates on SFEs5. Similarly for the
orthonormal frame on the C'Y3 cone we write f@ = (dr,r f) where f is an orthonormal
frame for the SE5 metric: f@f® = ds?>(SEs). Correspondingly we also write I'* = (I'", T'%)
(with e.g. (I")? = (I'*)2 = 1). We emphasise that for forms defined on the C'Y3 space
tangent space indices will always refer to the frame f® so, for example, d® = (d®),f*.
Furthermore for such forms we use the slash notation to mean e.g.

W= % WP PP = (d), I (2.3)

(note that this differs by a factor of ®/* from the slash notation used for the ten-
dimensional fields in (2.1), (2.2).) Similarly tangent frame indices on ¢ and its derivatives
will refer to the frame f® e.g. o = o, f®. Unless otherwise stated, all gamma-matrices will
be understood to be tangent space gamma-matrices I'4 satisfying {I'4, T8} = n4B,

2.1 Analysis for M = —,2,3

Let us consider the Killing spinor equation (2.1) when the coordinate index M = —,2,3. It
will be convenient to define X! = (27, 2%), with i = 2,3. For these coordinates, the Killing
spinor equation (2.1) takes the form

2
01z = 5 (1= ps) I"Tpe = o THWTe” (2.0

N3



This easily gives
3
810,e = %rlm{a — yp3)T7, T e (2.5)

and hence, after anti-symmetrising on I and J,

{(1 = 9p3)I", T W}he" =0
3[3J€ =0. (2.6)

We thus can write € = gy + 2’7 with €y and e; depending on 21 and the C'Y3 coordinates
x™. Substituting back into (2.4) we obtain the unique solution

2
T T
e=¢co+ 51“"(:#1“1) (1+7p3)eo — 1—6F+W(xlfj)ea . (2.7)

We next decompose g into eigenvalues of vp3. It will turn out to be convenient to do this
in the following way:
eo =1 2TIMe, + 12 (2.8)

where
YD3€+ = iei (2.9)

and e+ depend only on the coordinates x ™, 2™.

It is now helpful to substitute (2.7),(2.8) into (2.2). The terms that are dependent and

I

independent of the coordinates ' must each separately vanish and after projecting with

(1/2)(1 & vps) we deduce that

I'Wer =0 (2.10)
IWer =0 (2.11)
IWTI e, =0 (2.12)

and that the ten-dimensional Killing spinor can be written as

3/2
e=r12e_+ [r_l/QFr — rl/z(xlfl)] €4 — %F+W(mfr1)rrei . (2.13)

Observe that with W = d(r*c) (2.10), (2.12) imply for any z that
It (0% ey =0 . (2.14)

2.2 Analysis for M =m

We next consider (2.1) for M = m. It is useful to define

1
Ve = (am + —wﬁ}[brab>a . (2.15)
where w®Y is the spin connection on the C'Y3 with respect to the frame f¢. We next note

that since the C'Y3 is a cone we have

VoY (2r17) = VY (pr?) = 20, f2 (2.16)



where f* = f%dxz™. After separately considering the x/ dependent and independent com-
ponents and projecting with (1/2)(1 + vp3), we find that the M = m component of (2.1)
gives rise to three equations

Ve, + ir*w(raf;;)e F+VCYWI’T6+ =0 (2.17)
Vi e+ SFTWV( ofi)TEL + 1 F"( ofi) W el =0 (2.18)
V%Ye- + §P+W<Faf;;>e’: =0. (2.19)
Note that these imply
Ivie, =0 (2.20)
and then using (2.10)-(2.12) we get
VO Wer =TTV WeL =0 . (2.21)

Next, using the fact that for z = 2 we have
[VEYW,T7] = 2VEY W, I = 0, (2.22)

where in the last step we used (A.6), and combining with (2.21) we deduce that the last
term in (2.17) vanishes. Therefore, we can solve (2.17) by writing

€& =ty — —FJFWFWJF (2.23)
VY%, =0 (2.24)

with v, satisfying vps+ = i1p; and constraints arising from (2.10)-(2.12):
PG, = DL = T, =0 (2.25)

Note that we could solve (2.19) in a similar way, but we delay doing that for a moment.
The compatibility of (2.17) and (2.18) imply that

T[WTo — 2I'WL " + T'T W T 9% =0 (2.26)
which implies that
T | VP07 4 20,17 — 05T ,PT7| w5 = 0. (2.27)
2.3 Analysis for M =+
We now consider (2.1) for M = +. We find
o, hr_., o
Oye + §I’ (1+vp3)e + ZF (1+vp3)e + ZF Phe

2 2
+%F+I"Ws* + I—6F’I‘+We* ~0. (2.28)



After substituting in the expression for € given in (2.13), isolating the terms depending on
x! and then projecting with (1/2)(1 & yp3) we are led to

8+6+ =0 (229)

— r r_x + (T T h " et ¥
3+e_+F 6++ZWP 6++F Z&hl“ +§ €+—1—6F FWP 6+:O (230)
T Phe, +We — %ﬁww*rm =0 (2.31)
ItPhe +Wet =0. (2.32)

We would now like to argue that I'"1), = 0. We start by substituting (2.23) into (2.14)
to obtain
T (oo Ty =0 . (2.33)

Differentiating this and using V&Y, = 0 we obtain
I [aarr - ngaﬁrﬁ} by =0 (2.34)
(one can use (A.4) to obtain this). After contracting with o** we get
I+ [|a|2rr - a*angaﬁrﬁ} — (2.35)
We next substitute (2.23) into (2.31) to get
ot [ph - gWWF} by WPt =0 (2.36)

From (1.2) we deduce that the two terms have different scalings with respect to r and hence
must separately vanish

r+ [ah - %WWF] by =0
W*py =0. (2.37)
Next using also that T'T#/¢ = 0 the first equation implies that

rt [ah +or (]a!QFT + a*“ngaarﬁ)} by =0 (2.38)
and after using (2.35) we deduce that
I'tdhypy =0 (2.39)
and hence that
Iy, =0. (2.40)

Using this result, we find that (2.29)-(2.32) simplify considerably. After substituting
(2.23) we now find that

dye_ +T o, + ZWF’M; —0 (2.42)
Wyl =0 (2.43)
I Phe_ +We =0 . (2.44)



We solve (2.42) as
e =y —at (T + 0Ty (2.45)

where 1_ is independent of 1. Compatibility with (2.19), and using (2.22) (for z = 2),
then implies

1
VY4 + §r+wrm¢*_ =0. (2.46)

From (2.10) we also deduce that

Wiby =0 . (2.47)
Returning now to (2.44) we find that
r * 17
(Ph— WL ) oy = 0 (2.48)
I Php +Wey* = 0. (2.49)
Observe that (2.46) can be solved by taking
b = — %ﬁwrrni (2.50)
with
VY =TTWn =T n_=0. (2.51)
After substituting into (2.49), we obtain
r (pn - gww*ﬂ) N +Wnt =0, (2.52)

After noting from (1.2) that there are two terms with different scaling behaviours under
scalings of 7, we deduce that

Tt (@h - %WW’TT> N =0 (2.53)
Wn* =0. (2.54)
2.4 Summary

We now summarise our analysis so far. For z = 2 the most general Killing spinor can be

written as a sum of “Poincaré” and “superconformal” Killing spinors:3
e=¢ep+eg (2.55)
where
ep =1/ — éT3/2F+WFT77*_ (2.56)
eg = r /2 T" —ra'T; —rat Ty )y — ierT?’/QI/VFTni. (2.57)

3We have relabelled )4 of the last section as 7, .



where ¢ = (22, 23). The spinors 1+ only depend on the C'Y3 coordinates and satisfy the

following conditions:

Ve no =0 (2.58)

r+ (@h - gww*ﬁ) N = (2.59)
IWn- =W =0 (2.60)
v, =0 (2.61)

(90— W T ) s = (2.62)
Wny =W =0 (2.63)

(2.64)

Ypan+ = £+, I'ne=0.

In order to get a supersymmetric solution we also need to ensure that the equations of
motion (1.2) are satisfied. If W = d(r?0) then d xcy W = 0 is equivalent to o being
a Killing vector on the SE5 as we discuss in appendix A. Thus we just need to impose
Viyh+|W|sy =0.

In carrying out further analysis, it is illuminating to make a 4+6 decomposition and
write the ten dimensional Gamma matrices as

Iy = 7y ® Ixs, u=+,—,2,3 (265)
L, =173 %7, (2.66)
where 773 = irtr=r273. Iy = TDS’}/(7) where y(7) = iy and so we can write the

spinors 1+ as
Nt =g+ ® Gy (2.67)

with ¢+ being constant spinors on RY3 such that 773¢yx = +q¢+, 77¢y = 0 and (4 a
covariantly constant spinor on C'Y3 of positive chirality (see appendix A for more details
on our conventions).

At this stage it is worth pausing to recover the results found in [1]. In that paper
Killing spinors with . = 0 and I'"5p_ = 0 were considered. As in [1], the above conditions
for supersymmetry then reduce to V%yn, =W*n_ = 0. Clearly the former is satisfied
with n_ as given in (2.67), while the latter condition is satsified if the two-form W on CY3
has no (0, 2) form pieces i.e. it consists of (1, 1) and primitive and/or (2,0) two-forms. Note
that the functional form of these Killing spinors is exactly the same as those for W = 0 and
that they comprise two Poincaré Killing spinors. For the special case of the five-sphere,
for a generic W with no (0,2) pieces with respect to one of the complex structures on RS,
there are again just two Poincaré Killing spinors that satisfy this condition. However, there
is the possibility of special W that satisfy this condition for other complex structures. In
particular, for W that live in R* € RS there can be four Poincaré Killing spinors.

We now look for special choices of W and h which give rise to additional Killing spinors.
Given the decomposition (2.67), we want to allow 77¢_ # 0 and so our conditions boil



down to solving the following equations on the C'Y3 cone

(@h - gWWW) ¢+=0 (2.68)
Wer =W*¢,. =0. (2.69)

Here all gamma-matrics are those on C'Y3, 7,. The conditions (2.69) now require that
W = d(r?0) is necessarily of type (1,1) and primitive on the C'Y3 cone. Solving (2.68) for
h leads to additional constraints on W. Let us summarise the result (a few more details
are presented in appendix B). Define a one-form A on the SEj5 space given by

A=iL5Pg (2.70)

where the notation means that we are taking the Lie-derivative with respect to the vector
field which is dual, with respect to the SFE5 metric, to o*. For h we take

1
2
h=—r? <|0|5E + 5(775E)M)‘u> ; (271)
where ngg is the one-form on SEs dual to the Reeb Killing vector. It is interesting to
observe that the expression for h is actually negative definite. This can be seen by writing
it as

h=—2/SOD 2, (2.72)

where S,E,?’l) = (1/2) (Sp + i Tm"Sy) and
S =rio (2.73)

is a one-form dual to a Killing vector on CY3. Finally, we also need to impose that
VZyh+ W%y = 0. As we discuss in appendix B this is guaranteed if the two-form

V =dL (2.74)
is primitive on the C'Y3 where we have introduced
L =172\ (2.75)

which is a one-form dual to a Killing vector on CY3. In appendix B we also show that V'
is in fact (1,1).

We have shown that these special classes of Schrédinger invariant solutions admit
Killing spinors of the form (2.55), (2.56), (2.57) where the spinors n4 are functions of the
CY3 coordinates ™ only, and satisfy V&Y = 0, ypsne = £n+ and Tty = 0. For a
generic S Fs5 space, these solutions preserve six supersymmetries, four “Poincaré” Killing
spinors ep and two “superconformal” Killing spinors €g. The number of supersymmetries
being preserved is very suggestive that the superisometry algebra is the ones discussed
in [9]. In the next section we will confirm this.

For the special case when SEs5 = S°, with cone RS, we can get further enhancement
of supersymmetry. In particular, if the two-form W is not generic but is a two-form on

,10,



R* € RS then the conditions W7y = W*ne = 0 that we imposed can be satisfied by
twice as many Killing spinors satisfying V%Yni = 0. This leads to preservation of twelve
supersymmetries, eight ep and four eg.

We conclude this section by presenting some simple examples for the case of S°. Ex-
plicitly we let (21, 22, 23) be complex coordinates on R® and take

W = (CleQ + 2 d§3) Adz + (03d§3 + C4d21) A dzg + (C5d21 + Cﬁdzg) A dzs (276)

where ¢; are complex constants. After writing W = d(r?0) where o is defined on S°, we
find that

28 =1’ = Cl(Zdel — ZleQ) + 02(23(121 — Zld,?g) + ...

25(0’1) = —(0121 + 0623)6122 — (042’2 + C5Zg)d§1 — (0221 + CgZQ)dig (2.77)
giving
h=— ’012’1 + 0623‘2 — ‘0221 + 0322’2 — ’0422 —+ 0523‘2 . (2.78)

One can directly check that VZ, h+|W |2, = 0 and hence we indeed have a supersymmetric
solution generically preserving six supersymmetries. An interesting special case is when

cp =c3=c5=cand cy =cgy =cg=0. We then have

W = c(dze Ndz1 + dz3 N dzy + dzy N dzs)
h=—|c*r? (2.79)

and we see that h is constant on the five-sphere. Another interesting special case is if
one takes co = c3 = ¢4 = ¢5 = ¢g = 0, since the two-form W = c¢1dzy A dz; then lives
in R* ¢ RS and the solution preserves twelve supersymmetries. Note that for this case
h = —|e1|?|21)? and it vanishes on the locus z; = 0. We can also obtain simple solutions
with W real by, for example, taking the real part of the two-form in (2.76). To illustrate, a
solution with twelve supersymmetries is obtained if we take W = ¢1dzs Adzy +c.c. and then
h = —|c1]?(|z1|* +|#2)?) which now vanishes along the lower-dimensional locus z; = 29 = 0.

3 Superisometry algebra

In this section we will analyse the superisometry algebra for the class of Schrédinger invari-
ant solutions discussed in section 2.4 for a generic SFE5, preserving six supersymimetries.

3.1 Killing vectors

We begin by presenting the Killing vectors that leave the solution invariant. These cor-
respond to the Hamiltonian H, spatial translations P;, the number operator N, Galilean
boosts G;, spatial rotations M, the dilatations D, the special conformal transformations K,
which together generate the Schrodinger algebra, and the R-symmetry of SE5. Explicitly

— 11 —



we have:

=0,
P; =0;
N =0_

G, =— £C+8i + z'o_
M :$283 - $382
D =rd, — 2'9; — 2270,

. |
K=—-22"2'9; — 2 (w+)2 0y + (wzx’ + ﬁ) O_ +2z"ro,
R =0y (3.1)

where 0y is the R-symmetry Killing vector on SE5 manifold (see appendix A for more
discussion on SEj5 spaces). For special choices of SEj5 there could be additional Killing
vectors.

Using the ten-dimensional metric, we calculate the dual one-forms, which we will de-
note by the same letters hoping that this won’t cause any confusion:

H =r?(dz™ + hdz™)

P, =r?dzx’

N =r?de*

G; =r? (—erdaci + xidafr)
M =r? (demg — x?’dacQ)

1 o
D ==dr — r’z'da’ — 2r% 2t (dxi + hdx+)
r

. 1 "
K =r? (—2 o atdat — 2 (m+)2 (dz™ + hdx™) + <£CZCCZ + —2> dw+> +2 dr
T T
R =nsp (32)

and ngp is the Reeb one-form on the SFE manifold.

Actually, it is not immediately obvious that the action of the Reeb Killing vector does
in fact leave the solution invariant for our choice of W and h, both of which depend on the
coordinates of the SEj5 space. The Kahler-form on the C'Y3 cone can be written as

1
J =rdrAn+ 57“2 dnse (3:3)
Using this, the (1,1) condition on W = d(r2¢) then implies that
1
doyy = —(nsp)u (dnse), "op + (sp)y (dnse), "o, + 7 (dnsp),” (dnsp), 7 (do) ,,  (3.4)

with indices raised with respect to the metric on SE5. After using that |ngg|?> = 1 and
that o is a Killing vector on SE5 we deduce that

Ly,o0=0 (3.5)

and it then follows that the Reeb vector still generates a symmetry of the solution.
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3.2 Killing spinor bilinears

We first observe that if £; and €5 are two type IIB Killing spinors then the ten-dimensional

one-form
&1 pyeada™ + c.c. (3.6)

is dual to a Killing vector [20]. In the following we will calculate such bilinears involving
ep and €g. In carrying out these calculations one heavily uses the projection conditions
satisfied by n+. We write

Iy = (i02%) (it*?) = yp3y(r (3.7)
and we have
Y3 =E0x, Yok =7, DT =0. (3.8)
We also use the conditions arising from W being (1,1) and primitive
Wne =Wy =0. (3.9)

3.2.1 The PP bilinear

We define the bilinear form
A= (gprMep)dxM (3.10)

where here I'j; is a coordinate basis gamma-matrix. After substituting the expression for
ep given in (2.56), and using the projections (3.8), (3.9) We find

4
A= |rj Tym_ — g—4ﬁfFTW*F+FMF+WFTni dzM | (3.11)

In simplifying the last term, we use
P27 TYTW W' = 16hij_T_n_ . (3.12)
A calculation shows that
A= (7-T-n-)H + (7-T4n-)N + (7-Tin-)P" . (3.13)

This should be compared with with the equations just below (3.10) in [9].
We can write

n-=n5+n2, T =0 TP =0. (3.14)
We then find
A= GPT_nP)H + (#5 T " )N + (7PT ™ + 75 TnP) P (3.15)

and we see that 7 parametrise the “kinematical” supersymmetries found in [1] while
parametrise “dynamical supersymmetries” and lead to a positive spectrum for H.
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3.2.2 The PS bilinear
We define the bilinear form

B = (epTyes)da™ + cc. . (3.16)

After substituting the expressions for ep, g given in (2.56), (2.57), then using the projec-
tion conditions and the primitivity of W one can show that the only non-zero contribution

comes from
B =r'_Tofilyny dz™ — r*n_ [[yda™ + Dida'] 2/ Tjmy

o 4
—atr*_ |TodetDida’ + §F+d$+ oy + I—6x+ﬁiFrW*‘/VI’rnidx+ +cec. .

(3.17)

To proceed we use that

(ﬁ—rarrn-i-)fa = (ﬁ—razlrrn—l—)nSE (3'18)

where we recall that f® is an orthonormal frame for SE5 and we have taken f! = ngg.
To see this we use the 446 decomposition (2.67) to write 7', I',ny = —iG—q4+ Tar with J
given in (A.11). We then find we can express the bilinear form as

B = (n-n+)D+2(0-T1Tony) M — (n-T'+Tiny) Gi + (N-Ta=a Iy ) R +ce. . (3.19)
This should be compared with the equations just below (3.10) in [9].

3.2.3 The SS bilinear

We now consider the bilinear
C = (gsTyes)da™ (3.20)

After substituting the expression for eg given in (2.57) it is helpful to observe that, for
example, 4414 can only be non-vanishing if A = +. An easy way to see this is to
insert 2 =TT, + T, T". Using this as well as (3.8), (3.9) we see that the only non-zero
contribution comes from the terms

1 ) ,
C = nelrlpleny — o (1D T mCyny + 74 Dy Dy Do) + 77742 Ty aga? Dyn g

_ _ 2
+atr (2 Talylyny + 7D Tz Tang) + (27)7 7 DTl oy
r3(xt)?

o LW DA T dzM (3.21)

After some further calculation we obtain

C=—-n:Ting)K . (3.22)

This should be compared with the equations just below (3.10) in [9].
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3.3 Generating the superconformal symmetries

If a supergravity solution has a Killing vector preserving all of the fluxes, then the Lie
derivative of a Killing spinor with respect to that Killing vector generates another Killing
spinor. This action corresponds to the even-odd part of the superisometry algebra.

Here we consider taking the Lie derivative of the Poincaré Killing spinors ep with re-
spect to the special conformal Killing vector K. We expect to generate the superconformal
Killing spinors. We have

1
Lrep = KMVMep + gdKMNFMNep . (3.23)
A calculation reveals that
1 : rat
Lrgep=(—r""Ty+z'T; + 2T ) Ttep + TWF,I’JF&}. . (3.24)

This immediately shows that the two Poincare supersymmetries satisfying I'"ep = 0 which
were found in [1], i.e. the two kinematical supersymmetries, cannot generate superconformal
Killing spinors.

We now substitute the expression for ep to find

1/2 1 j + + w ) 4+, *
Lxep=r —;I‘r +2'T;+2 Ty | Ty + 1 Wr, I np* . (3.25)
and we see that
Liep =¢€g (3.26)
with eg as in (2.57) with
ny =—ITn_ . (3.27)

Thus we see that the special conformal transformations acting on the two extra Poincaré
Killing spinors, i.e. the dynamical supersymmetries, generate the two superconformal
Killing spinors, as expected.

4 Conclusion

In this paper we have carried out a detailed analysis of the supersymmetry that is preserved
by a class of solutions found in [1]. We showed that special classes of solutions with
Schrodinger symmetry can have the supersymmetry enhanced from two Killing spinors to
six, for a generic SFE5 space. We also analysed the corresponding superisometry algebra
and showed that the two Killing spinors found in [1] are kinematical supersymmetries
and the four new supersymmetries consist of two dynamical supersymmetries and two
special conformal supersymmetries. For the special case when S Ej5 is the round five-sphere
we showed that the supersymmetry can be enhanced from four Killing spinors to twelve.
For a class of Schrodinger(z) invariant solutions found in [1] with z > 2 we showed that
while there are no superconformal supersymmetries there can be additional dynamical
supersymmetries. It would be of interest to further extend this analysis to the full range
of supersymmetric solutions with Schrodinger(z) symmetry with z > 2 found in [1].
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It would also be interesting to carry out a similar analysis for the solutions of D = 11
supergravity with Schrodinger(z) symmetry that were constructed in [1]. These solutions
share many similarities with the type IIB solutions that we have been considering here and
we expect analogous results.
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A Some results for C'Y3; cones

Consider the cone metric

ds*(CY3) = dr? + r?ds*(SEs) . (A1)
Using coordinates z™ = (r,z#) we calculate that the non-zero Christoffel symbols are
given by
_ SE
FLV - _Tg;u/
I, =l
T = Yp (A.2)

where v is the Christoffel symbols for SE5. One can then obtain the result for the
Riemann tensor
ROy, =0. (A.3)
We next note that if ¢ is an arbitrary one-form on SFs5 then it can be pulled back to
give a one-form on CY3. We then have

VSY(TQO')T = —roy,
Vi (20), = ray,
Ve (o), = r’Vi o, . (A.4)

In particular, if o is dual to a Killing vector on SE5 then r?c is dual to a Killing vector
on CYj3.
Next consider W = d(r?c) with o a one-form on SE5. We calculate

VYW, = 2

( ),rz—QO_u
VYW, = 2(2

)7“271V'ELEO'V}

CcYy _ .21 SE SE
Vi Wn =7 [(z —2)Vi, oy +2V(, O'V)]

z—2
-2

VSYWVp — o* [VEEVSEUp] + zgi[ggp]} . (A5)

v

Note in particular that for the special case when z = 2 and when the one-form o is dual
to a Killing vector on SEj5 (see below), we deduce that

VoYW, =0, VYW, =0. (A.6)
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If we introduce a frame f* = (f", f%) on CY3 with f" = dr, f* = rf® where f% is a
frame for SEj5 then the covariant derivative of a spinor has coordinate components
VY e = Oe
1 -
cYy SE
V=€ = Vi "e+ §fﬁTare . (A.7)
The metric on SEj5 is normalised so that the Ricci tensor is four times the metric. We
will write the metric on SEj5 as

ds*(SEs) = nsg © nsp + ds*(K Ey) (A.8)

where ds?(KEy) is the transverse Kihler-Einstein metric, normalised so that the Ricci
tensor is six times that of the metric, and dngg = 2JxE where Jx g is the Kéahler form of
K FE4. Recall that in general K Ej is only locally defined. We also write

nse = (dy +4),  dA=2Jkg (A.9)

so that the Reeb Killing vector dual to nsg is 9y. If o is a one-form on SEj5 dual to a
Killing vector then
Vigo, = REEVO'V = —4o, . (A.10)

The Kahler form on the cone can be written as

J = VY (r(nse))

= rdr A (nse) +r*Jke (A.11)
and so in particular
Truw =1(NSE)u - (A12)
If Wis a (1,1) from on the cone then
T" Wi = =T Wi, - (A.13)
The CY3 has a covariantly constant, positive chirality spinor (4 and we have
Furthermore,
Yl = iTm "l - (A.15)

In holomorphic coordinates* we have y#(, = 0 and hence if W is of type (1,1) and primitive
and/or type (2,0) (i.e. the (0,2) pieces vanish) then we have

1 * mn
S Wimn7""6+ =0 (A.16)

Note that if W = d(r?0) with ¢ an arbitrary one-form on SEj5 then d xcy W = 0
is equivalent to VEEJ“ = 0 and V% pou = —40,. In turn turn these two conditions are
equivalent to o, being dual to a Killing vector on SE5. If 0, is dual to a Killing vector
it is simple to see that it implies the two conditions. Conversely, if we assume the two
conditions using an argument in section 4.3 of [21] that o, is dual to a Killing vector.

4Note that we use the maths convention that Jimn = —Imn where I™,, is the complex structure and
that in holomorphic coordinates I*; = 15;
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B Solving equation (2.68)
We would like to solve
r * 7
(pn— ") o = 0 (B.1)

on the CY3 cone subject to W being (1,1) and primitive i.e. satisfying\W ¢, = 0, W*(; = 0.
We first recast the condition in the form

7" (Ouh = SWamW™ ) G =0 (B.2)

To proceed we now use the projection condition on the covariantly constant spinor (A.15)
to obtain

B~ (W W W W) 40 T (Wi W, — W3, )] € =0 (B3)

where J,,, is the Kahler-form on C'Y3. This expression is of the form v™*7T,,(+ with T,, real.
After multiplying by ~™T,, we conclude that 7,, = 0:

,7" *MM * m
Onh = =0n (|SI2y) = iqTn" (Wem W™ — Wi, W) (B.4)

Here we have introduced the one-form S that is dual to a Killing vector on the CY cone
defined by

S =ro. (B.5)

We can now solve this for h:
h=—(IS2y —iT™5,S5) - (B.6)

This can be verified using VY S,, = (1/2)W,, and also (A.13). This expression for A is
actually negative definite. This can be seen by writing it in the form

h=—2/SOD 32, (B.7)

where

| =

0.1) —
S = 2

We can express h in yet another way by first introducing a one-form A on the SEj5

(Son + T Sn) . (B.8)

space given by
Ay = i(ﬁgf%aﬂ) =i(c" Vi, — UVV;?EJ;) (B.9)

where the notation means that we are taking the Lie-derivative with respect to the vector
field which is dual, with respect to the SFEs5 metric, to o*. Next, using (A.13) and also
(A.12) we deduce that we can write h as

1
h=—r? <|O‘|§E + 5(77515)“)\“) , . (B.10)
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Finally we also need to ensure that the equation of motion VZyh + |W|%y, = 0 in
(1.2), arising from Einstein’s equations, is satisfied. We find that this is equivalent to

Vg, (nse)* ) = =12 (nsE)" A, (B.11)

Given that n and A are one-forms on SFEj5 that are dual to Killing vectors, this condition
is equivalent to demanding that the two form on C'Y3 given by

V =dL (B.12)

is primitive where

L =7\ (B.13)

is dual to a Killing vector on C'Y3. We can also show that V' is a (1,1) form on C'Y3. We
have
Wi =2VEY'S, Vi =2VSY L, (B.14)

and it is straightforward to show that
L=iL§Ys . (B.15)
Combining these results we calculate that
Vi = % (W;kwkn - W;kakm) iRy St S (B.16)
where for the second term we used the result that for any Killing vector
Vo VSt = — Ryt S° (B.17)

and also the Bianchi identity for the Riemann tensor. The term in the brackets in (B.16)
is (1,1), since W is (1,1), and so is the second term since R is the Riemann tensor of a
Kéhler metric.

Note that if $(1) = 0 then h = 0 and from the equation of motion VZy-h+|W |2, =0
we see that W = o = 0.

C Killing spinors for z > 2

For W = d(r*o) with z > 2 the analysis of the Killing spinor equations proceeds in exactly
the same way as in section 2 up to equation (2.21). We next substitute m = r into (2.17),
(2.18) and use (2.11) to deduce that

TVOWI e, =0. (C.1)

From (2.21) we also have

rvewe. =0. (C.2)
Together these imply I‘*VTCYWWF“Ei = 0 and hence, after using (A.5), that for z # 2

It (o I =0. (C.3)
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Combining this with (2.14), we deduce that for o # 0 we necessarily have
I'te, =0. (C.4)

The remaining equations that one finds are very similar to the z = 2 case. Let us label
€, = 1;. We find that ¢, has only dependence on the C'Y3 coordinates and VY, = 0.
Furthermore, W*i, = W1, = 0 and so if o1 # 0 then W is (1,1) and primitive. We
also find

IMWe =T"W*_ =0 (C.5)
VY + %ﬁwrme’: =0 (C.6)
ItPhe_ +We* =0 (C.7)
e = —at (rm + ZWFW1> =0. (C.8)
Substituting (C.8) into (C.6) we obtain

vy + %ﬁwrmwi =0 (C.9)
VYW T, = 0. (C.10)

From the second equation we obtain the two constraints
(z=2)orT %L =0 (C.11)
(2= 1) VFol + ViFor ] TPy, =0. (C.12)

C.1 No superconformal Killing spinors for z > 2

We now show that ¢y = 0. Let us assume the converse and then 4 is a covariantly
constant spinor on R x C'Y3. Using the 4+6 decomposition (2.65) we can write

Yy =q4 @Gy . (C.13)
With ¢4 # 0, equations (C.11), (C.12) become

07" =0 (C.14)
[(z—1) ViEa;; + VZS;EU;] Yo =0. (C.15)

Multiplying equation (C.14) by (T, from the left we obtain (using (A.14) and (A.11))
g1 = 0 (016)

where we are using an orthonormal frame f® on SFE5 with f! = ngg. On the other hand
multiplying equation (C.15) by ¢+, from the left we have

dot, +2V3Eo; =0 (C.17)
= doj, = Z(JKE)O,BO'E (C.18)
(C.19)
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where we used that the spin connection on SFEs has components @'y = (JKE)agfﬁ. We
now use the (1,1) condition on W to deduce

Wla = jlrjanWrn (020)
= dO’la = —Z (JKE)OéﬁUﬁ (C.Ql)

which in combination with (C.18) implies ¢ = 0 and hence for z > 2:

C.2 Example for z > 2

Despite the fact that ¥, = 0 we can have special solutions that have enhanced super-
symmetry with T'"e_ # 0. Let us illustrate for the special case when SFEj5 is the round
five-sphere.

We construct a closed, primitive (1,1) form W using a (0,1) one-form A(z) on RS:

W =dA = 0,4 (z) dz* NdZ (C.23)

(implicitly we are assuming that it takes the form W = d(r?c)) with the prmitivity condi-
tion fixed by choosing that A is co-closed

0. A7 =0. (C.24)

This also guarantees that d xcy W = 0.
Equation (C.9) reads

OmP_ — iF*WmnF"wi =0. (C.25)

From (C.6) we observe that VY (I't4)_) = 0 and we restrict our attention to Killing
spinors satisfying '
*Ityp_=0. (C.26)

This brings equation (C.25) to the form

O — ir*vmzﬂwi =0 (C.27)
which we can solve as follows:
Yo =n_+ ir*A n*, Omn— =0 (C.28)
Next, equation (C.7) fixes
h= —% A2 (C.29)

One can check that the equation of motion V% h+|W|%, = 0 is also satisfied. The Killing

spinors take the form

c=r3 (n + irﬂ;{n*_) . (C.30)

— 21 —



References

1]

[10]
11]
12]
13]
[14]
15)
16)
17)
18]
19]
20]

[21]

A. Donos and J.P. Gauntlett, Solutions of type IIB and D = 11 supergravity with
Schrédinger(z) symmetry, JHEP 07 (2009) 042 [arXiv:0905.1098] [SPIRES].

N. Bobev, A. Kundu and K. Pilch, Supersymmetric IIB Solutions with Schrédinger
Symmetry, JHEP 07 (2009) 107 [arXiv:0905.0673] [SPIRES].

D.T. Son, Toward an AdS/cold atoms correspondence: a geometric realization of the
Schroedinger symmetry, Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972] [SPIRES].

K. Balasubramanian and J. McGreevy, Gravity duals for non-relativistic CFTs,
Phys. Rev. Lett. 101 (2008) 061601 [arXiv:0804.4053] [SPIRES].

M. Cveti¢, H. Lii and C.N. Pope, M-theory pp-waves, Penrose limits and supernumerary
supersymmetries, Nucl. Phys. B 644 (2002) 65 [hep-th/0203229] [SPIRES].

J.P. Gauntlett and C.M. Hull, pp-waves in 11-dimensions with extra supersymmetry,
JHEP 06 (2002) 013 [hep-th/0203255] [SPIRES].

J.P. Gauntlett, R.C. Myers and P.K. Townsend, Supersymmetry of rotating branes,
Phys. Rev. D 59 (1999) 025001 [hep-th/9809065] [SPIRES].

J.M. Figueroa-O’Farrill, On the supersymmetries of anti de Sitter vacua,
Class. Quant. Grav. 16 (1999) 2043 [hep-th/9902066] [SPIRES].

M. Sakaguchi and K. Yoshida, More super Schrédinger algebras from PSU(2,2|4),
JHEP 08 (2008) 049 [arXiv:0806.3612] [SPIRES].

J.P. Gauntlett, J. Gomis and P.K. Townsend, Supersymmetry and the physical phase space
formulation of spinning particles, Phys. Lett. B 248 (1990) 288 [SPIRES].

M. Leblanc, G. Lozano and H. Min, Extended superconformal Galilean symmetry in
Chern-Simons matter systems, Ann. Phys. 219 (1992) 328 [hep-th/9206039] [SPIRES].

C. Duval and P.A. Horvathy, On Schrédinger superalgebras, J. Math. Phys. 35 (1994) 2516
[hep-th/0508079] [SPIRES].

M. Sakaguchi and K. Yoshida, Super Schrodinger in Super Conformal,
J. Math. Phys. 49 (2008) 102302 [arXiv:0805.2661] [SPIRES].

Y. Nakayama, M. Sakaguchi and K. Yoshida, Non-Relativistic M2-brane Gauge Theory and
New Superconformal Algebra, JHEP 04 (2009) 096 [arXiv:0902.2204] [SPIRES].

S.A. Hartnoll and K. Yoshida, Families of IIB duals for nonrelativistic CFTs,
JHEP 12 (2008) 071 [arXiv:0810.0298] [SPIRES].

A. Donos and J.P. Gauntlett, Supersymmetric solutions for non-relativistic holography,
JHEP 03 (2009) 138 [arXiv:0901.0818] [SPIRES)].

E.O. Colgain and H. Yavartanoo, NR CFT5 duals in M-theory, JHEP 09 (2009) 002
[arXiv:0904.0588] [SPIRES].

H. Ooguri and C.-S. Park, Supersymmetric non-relativistic geometries in M-theory,
Nucl. Phys. B 824 (2010) 136 [arXiv:0905.1954] [SPIRES].

J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Supersymmetric AdSs solutions of
type IIB supergravity, Class. Quant. Grav. 23 (2006) 4693 [hep-th/0510125] [SPIRES].

E.J. Hackett-Jones and D.J. Smith, Type IIB Killing spinors and calibrations,
JHEP 11 (2004) 029 [hep-th/0405098] [SPIRES].

M.J. Duff, B.E.W. Nilsson and C.N. Pope, Kaluza-Klein Supergravity,
Phys. Rept. 130 (1986) 1 [SPIRES].

— 292 —


http://dx.doi.org/10.1088/1126-6708/2009/07/042
http://arxiv.org/abs/0905.1098
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0905.1098
http://dx.doi.org/10.1088/1126-6708/2009/07/107
http://arxiv.org/abs/0905.0673
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0905.0673
http://dx.doi.org/10.1103/PhysRevD.78.046003
http://arxiv.org/abs/0804.3972
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.3972
http://dx.doi.org/10.1103/PhysRevLett.101.061601
http://arxiv.org/abs/0804.4053
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.4053
http://dx.doi.org/10.1016/S0550-3213(02)00792-7
http://arxiv.org/abs/hep-th/0203229
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0203229
http://dx.doi.org/10.1088/1126-6708/2002/06/013
http://arxiv.org/abs/hep-th/0203255
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0203255
http://dx.doi.org/10.1103/PhysRevD.59.025001
http://arxiv.org/abs/hep-th/9809065
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9809065
http://dx.doi.org/10.1088/0264-9381/16/6/330
http://arxiv.org/abs/hep-th/9902066
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9902066
http://dx.doi.org/10.1088/1126-6708/2008/08/049
http://arxiv.org/abs/0806.3612
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0806.3612
http://dx.doi.org/10.1016/0370-2693(90)90294-G
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B248,288
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://arxiv.org/abs/hep-th/9206039
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9206039
http://dx.doi.org/10.1063/1.530521
http://arxiv.org/abs/hep-th/0508079
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0508079
http://dx.doi.org/http://dx.doi.org/10.1063/1.2998205
http://arxiv.org/abs/0805.2661
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.2661
http://dx.doi.org/10.1088/1126-6708/2009/04/096
http://arxiv.org/abs/0902.2204
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.2204
http://dx.doi.org/10.1088/1126-6708/2008/12/071
http://arxiv.org/abs/0810.0298
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.0298
http://dx.doi.org/10.1088/1126-6708/2009/03/138
http://arxiv.org/abs/0901.0818
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.0818
http://dx.doi.org/10.1088/1126-6708/2009/09/002
http://arxiv.org/abs/0904.0588
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.0588
http://dx.doi.org/10.1016/j.nuclphysb.2009.08.021
http://arxiv.org/abs/0905.1954
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0905.1954
http://dx.doi.org/10.1088/0264-9381/23/14/009
http://arxiv.org/abs/hep-th/0510125
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0510125
http://dx.doi.org/10.1088/1126-6708/2004/11/029
http://arxiv.org/abs/hep-th/0405098
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0405098
http://dx.doi.org/10.1016/0370-1573(86)90163-8
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC,130,1

	Introduction
	Construction of Killing spinors
	Analysis for M=-,2,3
	Analysis for M=m
	Analysis for M=+
	Summary

	Superisometry algebra
	Killing vectors
	Killing spinor bilinears
	The PP bilinear
	The PS bilinear
	The SS bilinear

	Generating the superconformal symmetries

	Conclusion
	Some results for CY(3) cones
	Solving equation 2.68
	Killing spinors for z > 2
	No superconformal Killing spinors for z > 2
	Example for z > 2


